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213. 


ON THE DEVELOPMENT OF THE DISTURBING FUNCTION IN 
THE LUNAR THEORY. 


[From the Memoirs of the Royal Astronomical Society, vol. xxvir, (1859), pp. 69—95. 
Read November 12, 1858.] 


THE development of the disturbing function for the lunar theory is effected in 
a very elegant manner in Hansen’s Fundamenta Nova, and it requires only a single 
easy step to exhibit the result in a perfectly explicit form, and to compare it with 
those of other geometers. To do this is the immediate object of the present memoir, 
and the mode of development is a mere reproduction of that made use of by Hansen. 
But the memoir is written with a view to the development of and application to the 
lunar theory, of the theory contained in my “Memoir on the Problem of Disturbed 
Elliptic Motion,” ante pp. 1—29, [212], and the notation adopted (differing from Hansen’s 
very slightly) is consequently that of the memoir just referred to. 


Taking, as usual, O to denote the disturbing function with the sign employed 
by Lagrange (O—— R, if R be the disturbing function of the Mécanique Celeste), then 


i = cos H. 


tee beso cosH) r 


where we have 
| m', the mass of the sun, 


r , the radius vector of the moon, 
r' , the radius vector of the sun, 
H, the angular distance of the sun and moon, 


the earth being, of course, taken as the centre of motion; (Hansen’s O is the above 
value divided ከሃ M+m, where M and m are the masses of the earth and moon 
respectively; that is, the disturbing function here represented by O is Hansen’s O 
multiplied into M + m). 
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Write also 


f , the true anomaly of the moon, 
f', the true anomaly of the sun, 
G, the distance of moon’s pericentre from ascending node of moon’s orbit, 
©’, the distance of sun’s pericentre from same node, 
ወ , the inclination of moon’s orbit to that of the sun, 
where the orbits referred to are the true or instantaneous orbits. Then the angular 


distance H is the third side of a spherical triangle, the other two sides whereof are 
fO, f’+&’, the included angle between them being €, that is, we have 


cos H =cos( f+ 6) 608 (/' + O^) + cos sin ( f+) sin ( f! + O^) 
and in this equation, if we write 


g, the mean anomaly of the moon, 
a, the semi-axis major of the moon’s orbit, 
e, the eccentricity ; 
and in like manner, 
o. the mean anomaly of the sun, 
a’, the semi-axis major of the sun’s orbit, 
e, the eccentricity ; 
then r, f, and 7’, f’, are respectively given functions of a, e, 9 and a’, €, o, viz, we 
have 
r =a elgr (e, g), 
f =; elt (e, 9), 
r =a elqr (e, g’), 
F= elta (e, g), 


and introducing, instead of the inclination, the quantitv 


y (=sin4®), the sine of the semi-inclination ; 


the disturbing function O becomes a function of a, e, ይ G, a’, e, y, ©’, n, and the 
required development is a development in multiple cosines of g, 9: G, G', the coefficients 
being of course functions of the remaining quantities a, e, a’, €, n. The single symbols 
G, G' (which denote the distances of the pericentres of the lunar and solar orbits from 
the mutual node) will be retained throughout the memoir; but if we write 


©, the departure of moon’s pericentre, 


2, the departure of moon’s ascending node ; 
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these departures being measured on the moon’s orbit; and, in like manner, measured 
on the sun’s orbit from a departure point on this orbit, but called for distinction 
“ longitudes,” instead of departures, 


e, the longitude of the sun's pericentre, 


O, the longitude of the moon’s ascending node; 


then we have 
© =a --2, 


5'=='-6; 
and the disturbing function ©, so far as it depends on the position of the moon, is 


a function of the seven elements a, e, g, w, y, 2, O, and it contains also the quantities 
a, €, ያ, e, which relate to the sun. 


Proceeding now to develope © in ascending powers of ጋ , we have 
, 1 " 2 H e 3H H y 5 4 77 — 15 2 H43 & 
A=m tali cos — $] + li cos — ¿cos 1ተ ላ [3% cos — 15 cos? H + ¿] + &c. 


where, however, the last term is neglected in the. sequel, and since we are only con- 
cerned with the differential coefficients of O in regard to the lunar elements, the 


first term m Z which depends only on the solar elements may also be neglected; we 


have 
co H= cos 4D cos(f—f'+0-U') 
+ sin? 40 cos(f+f’+6+4+0’), 
and thence 
cos*H— cos*4D cos?(f—f’ + G —G’) 
+2c08"40 sin jÓ cos (f—f'+U—U') cos (ያ/+/"+ኞ +5ኞ) 
+ sm? Ab cos? (f+f’+6+0’), 
60 H= ` oos Ac cos ( f — f' +6 —G’) 


+ 3cost4®@ sin jd cos (f—f'--O —O') cos (f-f'4 6 0) 
+3co A sin bé: cos (f—f'+U—0U') cos (ff 4 6 O0") 
+ sin* 4D cos? ( f -- f' -- 6 +0, 
and converting the powers of the cosines of f—f'4- o -— o FEF +640’ into multiple 
cosines, and expressing the coefficients in terms of y (=sin}®) and neglecting y”, we 


have 
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cos H= ሙ n? 


cos H= 2— $7? + 12 7% 


tinti E 


bi 
dad ut wf 
ቱ in 
+ iv 


2 
Q — ` multiplied into 


mti 


ai 


( 'ጌመርቸጥቶተ Sa 
Tf^gv TIT 
Omm 

ት. Loo or 

i 


27 


multiplied into 


(AT aa 
| PAPA 
ut, ET 
sali ninni SU 
et de dale nia 
| + M nt 
+ 


TE 
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cos 
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bibi 
yM AOS 


2f— 2f' + 26 — 20 
9f + 20 

2f” +20’ 
2f + 2f' + 20 + 20’, 
f- f+ o- OI 
3f— 3f' +86 — 30’ 
f+ f+ G+ © 
3f— f'438G— U 
f-3f' + G—30' 
3f4 /'+85 + U 
f+3f' + G4 3U'. 


Of — 9f" + 20 — 20' 


” o7 34 20 
2 A 26’ 
2f + ፪/' + 20 + 20 


f- f'+6- D 
af Bf! PU go' 
f+ F+ G+ U 
3f— f'43G— U 
f-3f'4 0-30" 
3f-- f +364 U 
FEI 04-90, 
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but the last two terms of the part multiplied by m/ > (which are besides of the 


fourth order in y) are neglected in the sequel. 


Now 4, d denoting integer numbers, and writing down only the general terms (the 
summatory sign X_, being in each case understood), we may put 


3 cos 2f =Q} cosig, E sin 2f — Qj sin?g, 
— — P! cosig, 
a’? 
Heal i A A Wee E ne EAS. gv, 
, cos 2f’ = 62 cos Uy”, 7/6 Sin of = G/ sin ŵg', 


— = Er cos Vg, 


y3 o A qa 
— 2 - 
3 cos f — AJ 60817, È 


sin f = Aj sinig, 
Z cos Bf = Bj 60857), qs መጃ = Dj sing, 


/ 


a’ Á i ae ኒ vie Ai, 
74 COS f 2 € cos Uy”, ya Sin J sti snŵg, 


: cos 3f’ = D,* cos dg, E sin 87” = Ds sin Co, 
where 
Quem 10," , S =. Go es AL በ a 
Q=- Qu, Gë =-G", Af =-— As”, be. 
Pee E መር ዚዳ 
Then by a known rule for the multiplication of doubly infinite sine or cosine series, 


and after an easy transformation of the original form of the coefficients, we obtain, 
for instance, 


ጋ cos (2f — 2f +20 -- 2B’) = a (O + O.) (Gi — Qs) cos (ig 4-i'g' + 20 — 207) 


where only the general term is written down, but the indices 2, 7, each of them 
extend from — o» to +0, zero included, or the summatory sign 2%, 57, is to be 
understood; and similarly for the other terms of O. And we may write 


Q0=0,+0,+0,+0,+0,+0,+0,+0,+ (3) + O,, 


C. III. 38 
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where 
| 
EA, -m 5 
| Ih = m E 
| 
| O, m'i 
| 
(a. = 5, 
ja mE 
1, wS 
EK —m' e; 
fa. =n! G 
Qm A 


+—§ + EN 
iad ታተ. 
par 

i Pr oy 
in 


i e 


8-ሞተዥኞጥ 
Zug — 4h 
ተይ Eger ff 
AA OR 


Pi Ki 

Qi+Q Ge — Gi 
Q-Q' KF 

Pi Gi + Gyf 
9፡+9። GEJ 
4#+4/ Of — O 
Béi+Bi Dé -ወ/ 
A+A’ OS OJ 
Bé+B O° =O," 
Aj+Aé DŷŶ-Df 


cos 


608 


cos 


608 


008 


COS 


cos 


cos 


Cos 


cos 
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ig Vg ħ 
ig +Ug + 20 — 20’, 
ig + 0g’ +20 
ig -- vg + 20", 
igt Uy" +20 +20, 
igrvg-r G— U, 
ig +19 +30 -- 30°, 
igrig4 C+ Y, 
ig vg +30- ©, 
ig ቁ ig + ፻ -ፅ-8፻' 


[213 


The values of Pi, Qj, Qs, ke. are made to depend ultimately upon the develop- 
ment in multiple cosines of the square of the radius vector and the development in 
And the actual values of Pi, Qj, Qs, Ze, expanded 
in powers of e or e, are given pp. 174—179 of the work above referred to. I have 
verified all these values by a different process, and have discovered only a single 
inaccuracy, which, however, is rather an important one, as it affects the evection, viz., 
the value of Q} should be --59« + ፪፪ ዎ + ke. instead of (Hansen) — 4 e + 33 e + &c. 
The formation of the sums or differences Q,'+Q,' is of course perfectly easy, and we 
thus obtain the actual developed expression of the disturbing function, which I 
represent under the following form, viz. :— 


multiple sines of the true anomaly. 


where 
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2 ኣ 
Gam m C ፦ 3 y + E 7) multiplied into 


Lunar part infra. 


256 
* Exact value is (1 — e») + 


Solar part supra. 


+g’ annual equation. 38—2 
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0, =m © (3-3 3 n? + Zei multiplied into 
+ ፦ 
Lunar part infra. 228347 Am KE cl kr 19 
3840 
533 ,/ aaa 
16 69 
845 '3 7 
48 e 08 
52 |. 255 . D à 
2° p 49 
7 7 123 e? oU d 
3፡1. Iċ 39 > — 20' 
dr y 
2 
cr d) | , 
16 vr 
i og 
| tA — 
48 
| Ep e 
24 
LEE éi Solar part suprà. — 49 | 
720 
SC a 
Sech 39 | 
ታክ DNA Ss 
16 486 * ሜይ 
o_^l ĦA 
24 384 
32 (exact) og 
-3+ o ipn Zoe d 
52 NES ወ 
eo: Ver ብቼ መል " 20 
_ 19 107 
3 e+ TY ዎ T 39 | 
rS uet | 
ም Beer 48 e +49 | 
25 1075 
— e — # + 
24 354 = | 
9. 261 6 
ያመቹ +69 | 
/ 


2g— 2g 4 20 — 2 የ፻ variation, 


g- 29 4 2G— 2 G' evection. 
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2 nt) multiplied into 


301 


Lunar part infra. 


24° 354 


256 


*Exact value is (r— ey 


Solar part supra. 
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e , $ 3 ES d ገገገ]ገ 1 
43, = #5 s E 227 multiplied into 


Lunar part infra. Zo cos > 2 | 
p 24 
1 ys 52:4 
48^ 1 
o (exact) o g' | 
s Ex ? 
a6 ai + Y 
in +29 | 
» "N23. ; + 20' 
2 47 Eur 
845 , 7 
m «sg | 
533 y T6g | 
228347 os | 
3840 +79 
ቸም 2 e Solar part suprà. — 6g | 
160 
Em 7 SEL 
384 
“at rae 
m Ge f 5 ^29 
"ME x 
Ad E 4 —2g 
4 12 96 
did: ESG AE a -— wg 
«+8* in 
I +e (exact) ar 
M^” ^N e Kal 
8 192 
t ut ao A e8 +29 
4 12 96 
EM TH +49 
12 
ae +59 
- o +69 / 
160 
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2 
Q, =m E ( ፡ nt) multiplied into 


17 o TIS a 
2 , 6 A 
845 , 

48 ^ 

533 A 

16 $ 

228347 e5 
3840 


Solar part suprâ. 
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a= mw 5(3— 33.94% mi) multiplied into 


Lunar part infra. a e? cos — 49 ) 
ፔ e” m 
, II 73 
39 +--ፀ —2g 
I + 20? — g —G' 
ko + 2 e? og 
rr ብዕ 
= 2 ፋ ያ 
23 13 , 
12° +29 


e 5 
* Exact value is e' (1 — €?)7? 


AL a Solar part suprà. —39 
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— dn oo| e mi 
a % 
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Y elo + 
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ዉ & né 
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e 
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o SE 
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g—9 +፻ --፻' parallactic equation. 
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3 I I eo 
Q,—m P; F — E o + E nt) multiplied into 


163 s 
4 


12 < 
KSM 


Lunar part infra. cos 


se — 22e? 
1 — 6e? 
ée 
I 


12 
= 16 
8 


o (exact) 


Solar part supra. 


C. III. 
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perio. I5 :nlied ፤ 
0, = #5 —, E y — = mi) multiplied into 


ata 2 


Lunar part infra. 


* Exact value is #'(1 — e?) 3 


E i Solar part suprà. 


5 


I 
now È e? (exact) 


1+2-Y ei 
64 
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a 


በ. E pa n nt) multiplied into 


8 


Lunar part infra. መ e cos — 49 
5 e? — 39 
3e + — e? - 29 
I + ze? - g LM 
"e + i e? og | 
፪ e” + Y 
23 e? +29 


* Exact value is e (1 —e?)-$ 


15. ” Solar part suprâ. — g ) 
Le (exact) da 
ET +29 
gea Oo bik +36 
bene n 
Fw T 
d +69 
se " 
39—2 
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a? (I I CARRI Ta 
0) =m 7 ($ n? — = nt) multiplied into 
Ke. ዚያም ^ ; 
Lunar part infrà. ጆቹ e cos — 6g 
ku e? —5 g 
8# — 22e? 49 
1 — 6e? d -30 
DEER -2g | 
P AT ያ | 
3° g 
o (exact) ays 
Le Solar part supra. —3g | 
[ | 
6^ 729 | 
ፕፆ ግ Ge e EET | 
2212783 £ | 
"Rei d (exact) og | 
Tm | 
I 4 26 A e + Y " ኞ 
—-e +e +29 | 
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ኛን +39 | 
E ds 
B | +49 
E. d 
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The arrangement of the tables hardly requires any explanation; each line of the 
upper half of a table is to be read in combination with each line of the lower half 
of the same table. Thus a term of O, is 


2 
m d — br + IN Lat AREN qe +40) cos l-g — 2g +20 — 20) 


It is to be observed that in the table for O, (where the arguments depend only 
on the mean anomalies) the several terms (other than the constant term) occur in 
pairs of equal terms, having respectively the arguments Zo io and —ig—ig'; such 
equal terms are to be united together, or, what is the same thing, the coefficients 
must be multiplied by 2. Thus we have the two terms 


2 
88:5 (d — 87+ Ant) alot) e) cos (— 6g — 59’) 
Ditto cos( 69+ 59’) 


or, what is the same thing, the term is 
, a' 3 H ^ 
m r G — dm +80) (— 1608) Cree”) 2 cos( 69 + 5g’). 


This is the case even when either è or Y vanishes; but, as already noticed, it. is 
not the case for the constant term where 7 and 2 both vanish. There are not any 
such equal pairs in the tables for O,, &c. where all the arguments contain a part 
independent of the mean anomalies. The quantity G' occurs in the upper or solar 
half of the table; but it is to be recollected that G'(-w'— 9) involves O, which is 
an element of the moon's orbit. 


The peculiar form in which the coefficients are exhibited, viz. as the product of 
a term depending on the inclination, a term depending on the eccentricity of the 
moon's orbit, and a term depending on the eccentricity of the sun's orbit is not to be 
considered as a want of completion of the development; it is, on the contrary, an 
important advantage. 


[The Errata in the Tables, noticed Mem. R. Ast. Soc. vol xxvi. p. 216, have 
been corrected. The values of Pi, Qi Qj, &c. used in the construction of the 
Tables ante p. 298 may also be obtained from the Tables of the Developments of 
Functions in The Theory of Elliptic Motion, 216.] 


Addition. 


I deduce from the preceding an expression for the disturbing function in a form 
similar to and easily comparable with the forms given by Sir J. W. Lubbock in his 
work On the Theory of the Moon &c. (London, 1834), pp. 30—35, and by Pontécoulant 
in the Théorie Analytique du Systême du Monde, t. 1v. (Paris, 1846), pp. 58—61. The 
several notations are as follows, viz.: 
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Lubbock. Pontécoulant. Supra. 
E, $, g 
E, ቁን ያ 
$5 a GET eben 
1); n, g+G 
y; ሃ› 28 VI =n? + (1 -- 278) 


(y, the tangent of the inclination, is employed by the above-named two authors instead 
of y, the sine of the semi-inclination, the relation between these two quantities gives 


to y* or ግነ 


y= 4n +12, 


ሃ = 1085 
and conversely, 

fei) “ዘሃ 

n=, 


which are useful for replacing one of these quantities by the other). The disturbing 
function is taken by Lubbock with the contrary sign, and he includes in the before- 
mentioned omitted term depending only on the sun's radius vector, that is, R (Lubbock) 


1 : z È 
=-m Sg O; he uses also, in reference to the sun, subscript strokes instead of accents 


(so that, in referring to his notation, ደ, should properly be here used in the place 
of E. but this difference is obviously immaterial). Pontécoulant’s disturbing function is 
taken with the same sign as in the present memoir, or we have R (Pontécoulant) = O. 


UE għidh 


Lubbock and Pontécoulant give in the principal terms the part involving m' Si 


depends on the square of the parallax, and which was disregarded in. the preceding 
development. I have in the sequel inserted these terms from Lubbock’s expression. 
We have, in fact: 
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X-m' A multiplied into 
| Lunsocx. PONTÉCOULANT. 
| Arguments. Eu. | Arguments. i 
+3 8 ተተ” | | 6 
pr pri gi | | 
*+5 መቃ Garro cos | 27 I} 2é 
SEI: + Spes PLLES E 
የ ዘ ባው ክር ጋ é 2 $ 
ስን Boers? +2 279 52 $T- |f 3125-10 
+28 bd Fee SEI d 2r+ E 4 |2é£+ ቀ 
he, żedazl ki Sé VE D 5| ቀ 
+ Fe i td pe a ap E 6|2£— Y 
he 1 + ed ety tine a i att lf 7|26* 6 
għa LE HELLE 26 8 729 
+ pe-Bee >= ኛም 2T—2Ê 9 | 2é-2¢ 
lea yy dyo 274 2É 10 | 26420 
- ied ee ee — ee +2 dÉ CF; 11 $+ ቀ 
~ Beds Zoe UT un By ee 21— ¿-E| 12 | 26— 
jee teed + gcc + ies 2r+ é+#| 13 | 269 
~ feet 5 te Tees daed é- ያ 14 | ቆ- ቀ 
ይ ወሚ ages Ben ave rau ILA 
+ pee ta f d- Kadi mes 2714 ¿-E | 16 | 26+ 
EE Petes Zo yy ^ TE 17 | 26' 


——H e diu. ER od |... Ad 20211 


* . . 
Variation. 


+ Evection. 
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Q (continued) — m' T multiplied into 
LuBBOCK. PoNTÉCOULANT. 
: Arguments ut suprà. 
Arguments. Nos. Arguments. 

PE 

"d cos | 35 20/39 39 
-Le 2ፐ-3ና 21 | 2€-3¢ ፦ g—29') 

: L+20-20 
ie 2ፐ+3ና 22 (26439 59-24) 
-$ ed 2é+ € 23 | 2¢+ ቀ 294 g 
+B dd ar-26£- ያ | 24 | 2é-2¢- $ -39 

Lu a 

grs 27426 € ያ | 25 | 26920 * ቀ il-20 
-$ ed 2፪- ያ 26 |2ቆ- Y 2g— Y 
-15 ed ar-264 € | 27 | 2É-29 + Y — y 

ጋ 8 
ges 2ፐ+2ያ -- & | 28 | 269206 — ቀ 49-39 
der traf 29 | $2 g+29 
-553 ee" 2ፐ-- t-24 | 35 |2- ቆ-፦።»ቀ 9-49 tad-20 
ger” ċ-2ċ 32) t-29 g—2g 
+See” 2r+ t-26 | 34 | 26: $-2¢ 39-49 +20-2U 

si, , ; 
"T ST 35 39 

845 , , 
eae a de 36 29-59 

yW eem 
hag” 27t3É 37 hat" y 

I 
M LIN 

24 4 38 49 
B Fi 2ፐ--4ና 39 | 26-49 AA Sea | 
+27 +20-20 

— el 2ፕ+4ረ 40 Ts 

32 
gr Ad 364 ሯ 4፤ KEE EN 17 39+ g' 
du u 20-36 - Ë | 42 (26-36 - # 53 |- 9-34 +20-20 

| | | 
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ar 
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multiplied into 


| LuBBOCK. 


| Arguments. ፡ 


2r+3É+ È 
ዓ%፦ ር 
2a1-36+ € 
27436 —- € 
DEES 
ge ët RÉI 
2£-2€ 


2ፐ+2ረ-2ሆሯፖ 


bhal 
2r- ድ፦ን፻ 
214 ደ +ንሆፓ 
C= 36. 
er £+3¢ 
2r+ $—3£ 
4€ 
ar 4€ 
2T* 4 
21 
27—21 rev. 
¿-2y rev. 
¿+27 


Nos 


43 
44 
45 
46 
47 


48 


PoNTÉCOULANT. 
Arguments. Nos. 
39- ቀ 16 
2É-39+ $ | 54 
29+ 29 I5 
28-29-29 | 55 
2ቆ-2ቀ' 14 
27 18 
2ċ-29 rev.| 57 
ቆ--2ን rev.| 19 
d+2n 20 
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59-9 +26-20' 
sg 4 
ups $) 
+20-20 
59-39) 
29+ 29 


-49 +20-20 
29-29 


49-49 +20-2U 


9+39 
g-59 
+20-20 
+ A 
9-39 
g+ A 
+20-20' 
39-59 
49 
2g— 6g 
420-20 
2g * 2g 
29 +26 
29 +20 
9 
LA 
“i 
40 
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2 
Q (continued) =m e multiplied into 


ርና ta Arguments ut supra. 
Arguments Arguments. 
e cos | 2ፐ- É-2y9 rev. 2é— ቆ--2ዛ rev. fi 
2 7 
+26 
BET P 214 t-29 rev 264 ቆ--2ኻ rev. — g+2g 
2 
429g £-29 rev | $'-27 rev. 29- Y) 
" FO 
ie ሯጀ+2ጓ ġ' +27 29+ g 
2I pe 21— £É-2* rev 2Ê— 4$'—2 rev. 39 
+20' 
BET 2714 ÊÂ—27 rev 264 ቐ'--2ኻ rev. g' 
4 
ET 2£-2y rev 24-27 rev. 97 | 
4 +26 
+3 ye 2£ +27 264-27 4g 
¿e 21T—2Ê—23 rev 2í£—24-—27 rev. 27+2ሆ 
DÉI ei 
-fpe 2r+2£-2y9 rev 2£-24-—21 rev. —2g+2g' 
-21 ed é+ Pan rev p+ $27 rev.. g— g 
4 +20 
ULL E+ Ertrag p+ $4427 39+ g 
2 2 7 * as 
—— pee 2ፐ-ደ-ደ'--2 ፻6ኛ ያተ3ያ 
A +26’ 
+S ped 27r+&+&—2y rev. - g+ Y 
-21 Bed t- E-29 rev. g+ g 
â +26 
+i ed ê— ይ+።ሻ 39- Y 
Sae , R 
+2 ree 2T — É+ E --2 nrev. gt g 
4” ' 1 Die 
— ed 27 +¿-¿- 2 nrev. " 9+39 
are 28-27 rev. leo 
+ oT pe? 2ያ+2ካ 29+29 
tE pe 2r-2È-2n rev. 49 +20’ 
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3 
Q (continued) =m a multiplied’ into 


LUBBOCK. PONTECOULANT. 
RT ee DOC sg INF Arguments ut supra. 
: Arguments. Nos. 


e i n TTT EE 


70 
ቀ | ?፤ — g 

é+ @ lil 29- y 
$ 


73 9729 


Er ቀ 74 g 

t-29 SH 

E+2¢ la ያ! t4 
6 6-d | 77 —2g' 


¿+ ቆ+ቆ | 79 29 


é- $+9 | 78 og+og 


g> A 


39-39 +36- U 


3€ 80 39-39 
3É- ቀ 81 29-39 
3é+ $ 82 | 49-39 
+30-30' 
3é- 4 83 39-49 
3é+ ቀ' 84 39-29 
3፪-2ቀ 85 9-39 


Ki . . 
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3 
Q (continued) = ዘነ E^ multiplied into 


LUBBOCK. PoNTÉCOULANT. 
ey ls CHY AN Arguments ut suprâ. 


Arguments. Nos, Arguments. Nos. 


T 7 
ie cos | 3r+2é 59-39 
E SE 29-49 

16 

15 ; ; 
“E” 49=29 
+Bos 29-29 (+30-30' 
75b ; 
ee 49-49 

635 ¿2 D 

:64 227 3.7 

5, 
tn 3ያ፦ 7 

eT 9-39 + G-30' 


where the abbreviation rev. denotes that the argument to which it is attached has 
its sign reversed in the third column of arguments: thus Arg. 63 (Lubbock), it is 
-- (87 -- 78) which is equal to 2g' +20. As the formula contains only cosines, there 
is, of course, no change in the sign of the coefficient. 


On comparing with Lubbock’s value, I find some differences, which are as follows :— 
It will be recollected that R (Lubbock) = -- m L- 0, so that the signs of the 
coefficients of Q are to be reversed in order to deduce the corresponding coefficients 
a? 


2 
of R. The Nos, refer to Lubbock’s arguments, and the exterior factor m' S or m' gi 


is disregarded (*). 
Arg. 1. Lubbock's coefficient (viz. the coefficient in R) is 


2 
— (1 ማ ET u) cos! 4 


1 I have been favoured with a note from Sir J. W. Lubbock, confirming my values of the coefficients 
for the arguments 8, 18, 58, 101 and 123.—Added 15th Feb. 1859, A. C. 
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which, substituting for cost. its value 1—4?+49!—&c, and developing to the 


fourth order, gives 


Po D f Lé 2 '3 ያ 
“> (1-5@-302+39 ep ec ld dd Ye tined ħa) 


which, in fact, agrees with the value given supra. I have only referred to this term 
in order to make the reduction. 


Arg. 8, Lubbock’s coefficient is 
-iü-jecge-iy)e 


the exterior sign should be + instead of —. The term is given with the correct sign, 
Pontécoulant, Arg. 2. 


Arg. 18, Lubbock's coefficient is 


-Müu-$e- bei y) costá a 
which, developed to y*, would be 


— 51 (1- $e — 15 e — y. 
I make it 


~A(L-ge— 80-47) 


The remaining differences are 


No. of | 


L rks y Lubbock’s coefficient. Coefficient from Development supra. 
subbock. 
58 + È ee? — A e e? 
59 + ey ei ፦ a ei 
*62 ሓደ (a Zo, Zelt Si $ 2,3 għ y) y 
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No. of 


Arg. Lubbock’s coefficient. Coefficient from Development supra. 
Lubbock. 


ምሣ 7 2 592 _ 27 2 
95 Gei d a 
Eti /2 Si 5 2 
96 2 s get? 
*101 -፪(፤*3ዎ+3”-ጭሃ) -$ (1+20420-1 ) 
y LA «LE 
Lé 1287 2. 
225, SCH 
123 "ees + ረ“ 


The greater part of the discordant terms do not occur in Pontécoulant’s develop- 
ment, which is not carried so far, and the only differences which I find in the 
coefficients of Pontécoulant’s R (— O) are, as regards the arguments 18, 57, 70, corre- 
sponding respectively to Lubbock’s arguments 62, 63, 101, included in the preceding 
table, and for which Pontécoulant’s coefficients, correcting for the change of sign, 
correspond with those given by Lubbock. But I see no room for a mistake in the 
preceding investigation as regards the coefficients of these three terms; the terms in 
y of the coefficients of 62 and 63 are simply the quantity (87*—2m*) which forms 
the exterior factor of O, and O, respectively, and which, putting for og and # their 
values, is equal to ¿(l—y)y, and as regards the coefficient of 101, the portion 
1 +5ዎ+ 52" of this coefficient is obtained by the mere multiplication of the factors 
1--2e-—&c. and 1--2e* set opposite to g+© and 07 —G' respectively in the table 
for Ne.” 


2, Stone Buildings, W.C., Tth July, 1858. 
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